
EURASIP Journal on Applied Signal Processing 2001:4, 285–296
© 2001 Hindawi Publishing Corporation

Distribution Associated with Stochastic Processes
of Gene Expression in a Single Eukaryotic Cell

Vladimir A. Kuznetsov

Laboratory of Integrative and Medical Biophysics, NICHD, NIH, Bethesda, MD 20892, USA
Email: vk28u@nih.gov

Received 1 August 2001 and in revised form 18 September 2001

The ability to simultaneously measure mRNA abundance for large number of genes has revolutionized biological research by
allowing statistical analysis of global gene-expression data. Large-scale gene-expression data sets have been analyzed in order
to identify the probability distributions of gene-expression levels (or transcript copy numbers) in eukaryotic cells. Determining
such function(s) may provide a theoretical basis for accurately counting all expressed genes in a given cell and for understanding
gene-expression control. Using the gene-expression libraries derived from yeast cells and from different human cell tissues we
found that all observed gene-expression levels data appear to follow a Pareto-like skewed frequency distribution with parameters
dependent of the size of the libraries. We produced the skewed probability function, called the binomial differential distribution,
that accounts for many rarely transcribed genes in a single cell. We also developed a novel method for estimating and removing
major experimental errors and redundancies from the Serial Analysis Gene Expression (SAGE) data sets. We successfully applied
this method to the yeast transcriptome. A“basal” random transcription mechanism for all protein-coding genes in every eukaryotic
cell type is predicted.

Keywords and phrases: gene expression, stochastic processes, Pareto-like distributions, binomial differential distribution, number
of genes, single cell.

1. INTRODUCTION

Cells must adjust genome expression to accommodate
changes in their environment, and in outside signals. Gene
expression within a cell is a complex process involving
chromatin remodeling, selective transcription of DNA into
mRNA, mRNA export from the nucleus to cytoplasm where
it is translated into proteins. The expression level of any
protein-coding gene is generally measured by the number of
associated mRNA transcripts (messenger RNA abundance)
present in a sample from many thousands of cells. While the
mRNA abundance in a cell at a given moment does not guar-
antee the precise prediction of amounts of subsequently pro-
duced protein, mRNAs, sampled from same-type cell popula-
tion, nevertheless serve as important indicators that a certain
proteins are being produced.

The complete gene expression profile for a given cell
is the list of all expressed genes, together with each gene’s
expression level defined as the number of cytoplasmic mRNA
transcripts in the cell [1, 2, 3]. However, gene-expression
profiling technologies (e.g., serial analysis of gene expres-
sion (SAGE) [4, 5, 6], cDNA, GeneChips methods [7, 8, 9])
currently can only measure the gene-expression levels for a
fraction of all expressed genes based on sampling transcripts

found in many thousands of cells (i.e., not a single cell). These
methods to determine certain short tags on a transcript, one
can then count the numbers of transcripts carrying the same
tag. Many genes, in particular those expressed at low levels,
cannot be unambiguously detected due to the limited sam-
pling of transcripts and experimental errors. However, many
of these lower level transcripts may be essential for determin-
ing normal and pathological cell phenotypes.

The expression levels of genes in such assays range typi-
cally between 0.1 to 500 transcript per yeast cell [4, 5, 6, 7],
and between 0.1 to 30,000 transcripts per human cell
[1, 5, 6]; a large proportion of these genes had less than 1
transcript per cell [1, 4, 5, 6, 7, 8, 9]. Such gene-expression
data has skewed long tail frequency distributions [10], which
are also often observed in physiological processes [11] and
in DNA-related phenomena [12, 13, 14], as well as in many
self-organizing systems with strong stochastic components
[15, 16]. It becomes increasingly evident that stochastic pro-
cesses within signaling pathways and crosstalk between differ-
ent pathways need to be considered to fully understand basic
processes of gene expression [17, 18, 19, 20]. In particular,
a large body of evidence indicates that gene transcription is
a discrete process by which many individual protein-coding
genes exist in an off state, but can stochastically switch to the
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on state [19, 20, 21, 22, 23]; the production of mRNAs occurs
in sporadic pulses skewed around the average [19, 22]. Such
statistical knowledge bears upon the fundamental biological
problems of cell regulation, adaptation, and development.

Statistically gene-expression behavior can be charac-
terized by the gene-expression level probability function
(GELPF). The GELPF is a function that for each possible
gene-expression level value takes on the probability of that
value occurring for a given gene. For a cell or cell popu-
lation, this function specifies the proportions of expressed
genes which have 1, 2, and so forth, transcripts present. Given
histograms of gene-expression level values, we can model the
underlining “population” probability functions. General fea-
tures of gene-expression patterns were elucidated more than
25 years ago through RNA-DNA hybridization measurements
[1]. However, mathematical models of the underlying true
distribution of gene expression levels have not been previ-
ously identified due to undersampling and non-reliable de-
tection of many low abundance genes, as well as sequencing
errors and complications of tag-gene matching. The goal of
this study is to develop such a model for eukaryotic cells.

2. DATA BASES, METHODS, AND SOFTWARE

2.1. Data bases

There are several useful methodologies that allow global
quantitative measure of RNAs captured from cells of inter-
est. All these techniques make and then use DNA sequences
complimentary to less stable mRNA molecules.

cDNA library method counts the number of sequences
having the matching or overlapping sequences. Such cDNA
expression sequence tags (ESTs) consisting of similar or over-
lapping ∼ 500 nucleotide cDNA sequences, called UniGene
clusters [2, 3], are used to group observed sequences into
clusters representing presumed genes or ESTs on sequence
homology. The UniGene clusters can be used to “tag” genes
expressed in specific cell types. The occurrence frequencies of
each UniGene in cDNA library might serve as estimators of
the gene-expression levels in the cell population from which
the cDNA library was constructed.

The SAGE methodology is based on isolating distinct
10-nucleotide DNA sequences called SAGE tags from 3’ end
regions of individual transcripts and concatenating the tags
serially into long DNA molecules [4, 6]. Cloning and se-
quencing of such molecules allows the identification and
enumeration of cellular mRNA transcripts. Since the genome
organization in yeast (Saccharomyces cerevissiae) is relatively
simple, and since almost all yeast genes are known, we have
analyzed with a large yeast SAGE database (www.sagenet.org,
http://genome-www.stanford.edu/Saccharomyces) [4]. We
analyzed three SAGE libraries for yeast cells in log phase,
S-phase-arrested, and G2/M phase-arrested states sepa-
rately and pooled. SAGE and cDNA libraries for vari-
ous human cell lines and cell tissues were downloaded
from CGAP (www.ncbi.nlm.nih.gov/CGAP; www.ncbi.nlm.
nih.gov/SAGE) databases. Some of these libraries are charac-
terized in Table 1.

DNA chip technology can measure the expression of

thousands of genes simultaneously [24] onto 1̃ cm2 square
onto which a cDNA mixture derived from a cell population
can hybridized to form labeled complimentary spots. For ex-
ample, in Affymetrix GeneChips, each gene is represented on
the high density oligonucleotide arrays by ∼ 20 unique 25mer
oligonucleotide probes, that match the sequence of the gene
(perfect match oligo’s) and 20 oligonucleotide probes that
are identical but differ by one base (mismatch oligo’s). The
gene-expression levels in a cell sample estimated by the mean
of the differences in the hybridization signals of matched
and mismatched probes labeled message hybridized with the
probes. The mean difference value over 20 paired signals is
a measure of the expression level of that gene. Based on this
estimate, the computed score of the gene-expression levels
can sometimes be negative; therefore, database could be ad-
ditionally scaled for positive values. In this paper, data sets of
oligonucleotide arrays containing probes for ∼ 6,200 yeast
open reading frames (ORFs) and genes (GeneChip� Ye6100
arrays, Affymetrix, Santa Clara, CA) [7, 9] have been down-
loaded, scaled, and analyzed.

2.2. Goodness of fit analysis method, sampling
and software

Let the data points (m,g(m)) for values m = 1, . . . , J form
an empirical relative frequency distribution g. Note that∑J
m=1 g(m) = 1. We adjusted the vector of parameters ā

(a1, a2, . . . , av) in the model probability function f(m; ā) to
fit the histogram points (m,g(m)) by maximizing the sim-
ilarity between f using the modified Akaike’s Information
Criteria [25] which we will call the Model Selection Criteria
(MSC):

Ψ = log


 ∑J

m=1

(
g(m)− E(g))2∑J

m=1

(
g(m)− f(m; ā)

)2

− 2

ν
J
, (1)

where J is the maximum observed value ofm,ν is the number
of unknown parameters of the model f , and E(·) is the mean
value of the observed data. The most appropriate model will
be that with largest Ψ . The Ψ is independent of the scaling
of the data points. The Ψ-criterion ranges between excellent
(11,8], very good (8,6], and satisfactory (6,4].

Assuming each identified transcript is selected at random,
we used Monte-Carlo sub-sampling of transcripts in a library
without replacement to generate sub-libraries. Sub-libraries
were used in order to generate same-size libraries for com-
parison and to construct the growth curve for distinct true
tags or genes of a given library (see below).

Parameters in both differential and algebraic models were
estimated using the Marquardt-Levenberg iterative curve fit-
ting algorithm in MLAB mathematical modeling software
(Civilized Software, Inc., www.civilized.com) coupled with
Monte-Carlo refinements of random sampling fluctuations.
We also used an additional standard goodness of fit MLAB
criteria (sum of squares for deviations, a residual analysis,
the Wilcoxon 2-sample rank-order test, etc.). Symbolic dif-
ferentiation and subsampling were performed using MLAB.
Monte-Carlo experiments and numerical analysis were also
performed in MS DigitalVisual Fortran. Data-mining tools of
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Table 1: Fitting of the GDP-model to the empirical frequency distributions for cDNA and SAGE libraries of human cell tissues and SAGE
libraries of yeast cells. k ± SE, b ± SE are the estimated parameters. Ψ (model selection criterion) is the goodness of fit criterion. p1 is
the fraction of distinct tags represented by one copy. Unilib identificators (www.ncbi.nlm.nih.gov/UniLib): 2427 (choriocarcinoma, cDNA
library (Life Technology method)), 2892a (LNCaP, prostate cancer cell line, SAGE libraries), 166 (normal colon, SAGE), 2892b (the prostate
cancer cell line library 2892a after one-year upgrading), 161 (pooled normal brain tissues, SAGE), and 154 (normal brain cells,> 95% white
matter, SAGE). Three yeast SAGE libraries and a pool of these libraries are characterized in [4].

Sample M N M/N p1 J J/M k± SE b ± SE Ψ

Lib. 2427 10087 3586 2.81 0.54 246 0.029 1.88± 0.04 1.34± 0.05 7.1

Lib. 2892a 6313 3531 1.79 0.81 78 0.012 1.05± 0.015 −0.48± 0.008 10

Lib. 166 14616 5383 2.72 0.70 462 0.032 1.28± 0.01 0.015± 0.02 10

Lib. 2892b 22637 9348 2.42 0.74 221 0.010 1.08± 0.03 −0.28± 0.01 11

Lib. 161 49334 15182 3.25 0.59 832 0.017 1.44± 0.01 0.57± 0.007 8.3

Lib. 154 81516 19137 4.26 0.53 1598 0.020 1.25± 0.012 0.57± 0.016 7.1

Yeast, G2/M 19527 5303 3.68 0.67 519 0.027 0.96± 0.006 −0.195± 0.006 8.8

Yeast, S-phase 19871 5785 3.44 0.67 561 0.028 0.98± 0.004 −0.197± 0.004 9.8

Yeast, log-phase 20096 5324 3.78 0.66 636 0.032 0.97± 0.004 −0.173± 0.004 9.3

Yeast, total 59494 11329 5.25 0.62 1716 0.029 0.94± 0.008 −0.108± 0.008 7.7

the Cancer Research Anatomy Project including X-profiling,
SAGE/map [26], have been also used.

3. EMPIRICAL SKEWED HISTOGRAMS
AND PARETO-LIKE STATISTICS

We define a library as a list of cDNA’s sequenced tags that
match mRNAs together with the number of occurrences of
each specific tag observed in a cell sample. The size of a
library, M , is the total number of tags observed in the li-
brary. Letn(m,M) denote the number of distinct tags, which
have expression level m (tags) in the library of size M . Let
J denote the maximum observed expression level of tags
in the library. Let N = ∑J

m=1n(m,M); N is the number
of distinct tags in the library. The points (m,n(m,M)/N)
for m = 1, . . . , J form the histogram corresponding to the
empirical relative frequency distribution g(m). Note that∑J
m=1n(m,M)/N = 1.

Note that due to experimental errors, the observed val-
ues of m and n might only approximately reflect the tran-
scripts numbers (or gene expression level) for a given gene
and the number of genes represented by m transcripts, re-
spectively. The observed values M and N also only approxi-
mately reflect the total number of mRNA transcripts and the
number of different transcripts in a library, respectively (see
below).

The histogram of the proportions of distinct tags (the
10 bp tags of SAGE libraries or the expression sequence tags
(ESTs) of cDNA libraries) represented by one, two, and so
forth, tags is the empirical relative frequency distribution of
tags which reflects the gene expression levels in a given cell
sample. This is a size-frequency form of the probability dis-
tribution which represents an estimate of the GELPF for the
corresponding cell sample (cf. Figures 1a and 2a). We found
that such histograms, constructed for all analyzed yeast and
human gene-expression libraries, exhibited remarkably simi-
lar, monotonically-skewed shapes (see also Figures 1a and 2a)

with a greater abundance of rarer transcripts and more gaps
among the higher-occurrence level values.

Several classes of skewed probability functions (Poisson,
exponential, logarithmic series, power law Pareto-like [27])
were fit to empirical gene expression level histograms for var-
ious libraries. The best fit (by our criteria) was obtained using
the discrete Pareto-like probability function [10]:

f(m) := Pr(X =m) = 1
z

1
(m+ b)k+1

, (2)

where the random variable X is the expression level for a ran-
domly chosen distinct tag (representing a gene). The func-
tion value f(m) is the probability that a randomly chosen
distinct tag is represented bym tags (representing an expres-
sion level). The argument m denotes a possible value of X.
The function f involves two unknown parameters, k, and
b, where k > 0, and b > −1; z is the generalized Riemann
Zeta-function value: z =∑J

j=1 1/(j + b)k+1.
Note our model involves the sample-dependent quan-

tity J = J(M). We call equation (2) the Generalized Dis-
crete Pareto (GDP) model. The parameter k characterizes
the skewness of the probability function; the parameter b
characterizes the deviation of the GDP distribution from a
simple power law (with b = 0, see for example, dotted line on
Figure 1a).

The GDP model with b ≠ 0 provides the best fit to almost
all empirical histograms we studied. In the log-log plot forms,
the empirical distributions for larger human SAGE and all
cDNA libraries show systematic deviations from a straight
line (cf. Figure 2a). In SAGE libraries with a library size less
than ∼ 40,000 tags, the GDP-model at b = 0 fits well (see
Figures 1a and 2a).

Let Re(m) = (
∑m
j=1 j · n(j,M)/N)/M . This is the cu-

mulative fraction of the total number of tags for genes repre-
sented bym or fever tags in a given library. The corresponding
theoretical cumulative fraction function R(m) is calculated

http://www.ncbi.nlm.nih.gov/UniLib
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Figure 1: Fitting the empirical relative frequency distributions of gene expression levels. (a) Log-log plot. ◦: frequency of expression levels for
the log-phase yeast cell growth library of size 20,096 tags; solid step line: best-fit generalized discrete Pareto (GDP) model with parameters
k = 0.974± 0.004, b = −0.173± 0.004; doted direct line links (for guidance) the best-fit values for m = 1,2, . . . at k = 1.03± 0.005 and
b = 0. MV is a missing value. (b) Cumulative fraction plot for SAGE tags computed from the empirical histogram and the GDP distribution
shown on figure (a).

in terms of the fitted probability function model f as follows:

R(m) =
∑m
j=1 j · f(j)∑J
j=1 j · f(j)

. (3)

Note that
∑J
j=1 j·f(j) = E(X). For goodness of fit assess-

ment over the entire range of gene-expression levels, we plot
the cumulative fraction of the total number of transcripts
in a given library on the ordinate versus the reciprocal of
expression level 1/m, on the abscissa. Using cumulative data
reduces the apparent “noise” in the histogram data. The plot
of the cumulative functionR(m) versus 1/m in Figure 2b and
Table 1 confirm that the underlying fit GDP model fits over
the entire range of expression levels, even when the number
of cloned sequences in the library was greater than 80,000.
By our criteria, the GDP model has priority in comparison
to more complex models, for example, a mixture distribution
logarithmic series and exponential distributions. For exam-
ple, for library sizes greater than 40,000, the values of the
MSC-criterion for the latter model were regularly ∼ 20–40%
less than for the GDP model.

Note that, given the number of distinct tags, N, and the
best-fit parameters, we sample the values of m at random
based on the function f(m) (2)N times (once for each gene),
then we count the occurrence numbers of calculated valuesm

in the intervals (0,1], (1,2], . . . and construct the frequency
histogram for a given value N and corresponding random
value M (see Fgiure 4b). This Monte-Carlo procedure was
used in order to estimate the variability of any expression
levels associated with N distinct tags in a given library and
to estimate the maximum gene-expression level. Using this
procedure many times with the GDP model, we computed the
largest expression level J and the factor s such that s = J/M
for each Monte-Carlo experiment. We then averaged these
scale-factors to obtain their mean ŝ. We did that for our SAGE
libraries and found that values of ŝ ranged in [0.012–0.045].
Similar ranges were observed in empirical ratios J/M (see
Table 1).

4. EFFECT OF LIBRARY SIZE ON EMPIRICAL
DISTRIBUTIONS

Similarly-sized libraries derived from various human tissues
have many similar numbers of expressed genes (see figure
legend, Figure 2a and Table 1). They also are characterized
by similar empirical relative frequency distributions of gene-
expression levels with nearly equivalent parameters in their
best-fit probability function models (cf. the prostate cancer
cell line (library 2892a) and sub-sampled normal brain cell
tissue library 154 in Figure 2a). Although the yeast genome
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Figure 2: Fitting the empirical relative frequency distributions of human gene-expression levels. (a) Log-log plot. 1,◦: frequency of expression
levels for human normal brain cell library 154 of size 81,516 tags; solid line: best-fit GDP model for ◦ data; 2, empty square and black
square: the average frequency of expression levels for 10 sub-libraries of size 6313 tags taken at random without replacement from library
154 and represented in an average by 3497 distinct tags; dashed line: best-fit GDP model for these data with parameters k = 1.62 ± 0.07,
b = 0.01±0.004; black square indicates a frequency value which is significantly different (at p < 0.05) from corresponding frequency value
in human prostate cancer library 2892a with size 6313 tags represented by 3531 distinct tags (library 2892a data is not presented). MV is a
missing value. (b) Cumulative fraction plot for SAGE tags computed from the empirical histogram (◦) and corresponding GDP model (solid
line), shown on figure (a), and from the best-fit regular discrete Pareto model (k > 0, b = 0; linked with dashed line for guidance).

is less complex, yeast libraries show similar relationships (see
Table 1).

However, as library size increases, the fraction of low
abundance distinct tags becomes smaller (see parameter p1,
Table 1), and the shape of the probability distribution func-
tion changes systematically (b becomes bigger, see Table 1;
Figure 2a). We also found that the value of the maximum
observed gene-expression level in the sample, J, was linearly
correlated with the library size M (Table 1).

Thus, we might assume that all human cells and yeast cells
have a common GELPF. However, a single fixed GDP model
(where parameters are constants) cannot describe all empiri-
cal frequency distributions independent of library size, since
the probability function changes as the number of transcripts
in a library becomes larger.

Interestingly, in self-similar (fractal) systems,described by
a power law or Pareto-like distributions, the parameter(s) are
independent of the size of the system [16], but not in our case.
Moreover, such models, including the GDP model, predict an
unlimited increase in the number of species as the sample size
approaches infinity, whereas the number of expressed genes
is a finite number. The problems of library size dependence of

the GDP model parameters and the incorrect infinite limit for
the number of genes asM →∞ are both solved by introducing
a new statistical distribution model. This new model also
explains the GELPF invariance for many cell types.

5. BINOMIAL DIFFERENTIAL DISTRIBUTION

We assume that (1) the number of expressed genes in cell
population is a finite number,Nt , (2) each gene in a given cell
population is expressed with a certain probability, and (3) a
transcription event for a given gene is statistically indepen-
dent of such events for other genes. Although transcription
events of some genes may in fact be correlated in a given
cell, most transcription events in a cell population seem to be
random, independent events. This is consistent with obser-
vations in [17, 21, 22, 23]. We further assume that tags in a
library are chosen at random. Our assumptions are consistent
with constructing such libraries by sampling from a hyper-
geometric distribution [27]. We also take into account that
a typical SAGE (and cDNA) library size (∼ 103–105 tags) is
much smaller than the number of transcripts in a typical cell
sample (> 1011 transcripts in > 106 cells). That allows us to
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use the multinomial approximation [27, 28] of the hypergeo-
metric distribution and leads to the following GELPF model.

We assume that Nt genes 1,2, . . . , Nt are expressed with
Mt associated transcripts in total in the cells of a large cell
population. Also assume that these genes are expressed inde-
pendently with respective probabilities q1, q2, . . . , qNt , where
Pr (a random transcript corresponding to gene i) = qi.

Let the random variable si denote the number of tran-
scripts in a random library of size M . Note

∑Nt
i=1 si = M .

When M � Mt , sampling with replacement is an accept-
able model of library construction. This follows a multino-
mial distribution. The joint probability of observing s1 = y1

mRNA transcripts of gene 1, s2 = y2 mRNA transcripts
of gene 2, . . . , sNt = yNt mRNA transcripts in a given li-
brary with size M is defined by the probability function
f(y1, . . . , yNt ;M) := Pr[s1 = y1, . . . , sNt = yNt], where

f
(
y1, . . . , yNt ;M

)
:= M !∏Nt

j=1yj !

Nt∏
j=1

qyjj . (4)

The function f has the unknown parameters q1, q2, . . . , qNt ,
and Nt , together with the constraints

∑Nt
i=1 qi = 1 and∑Nt

j=1yj = M .
The marginal probability function fi(m;M) := Pr(si =

m) is the probability that the distinct tag for gene i occurs
exactly m times in our library of size M :

fi(m,M) =
M !

m!(M −m)!q
m
i
(
1− qi

)M−m. (5)

We can estimate the expected number of distinct genes,
n(m,M), which have m transcripts in our library of size M .
Let δij = 1 when i = j and 0 otherwise. Now,

n(m,M) :=
Nt∑
i=1

E
(
δsim

) = Nt∑
i=1

fi(m;M). (6)

Let the random variable GM = #{i | si > 0}; GM is the
number of distinct genes represented in the library of sizeM .
We can estimate the expected number of genes N(M) in a
given library as E[G] := N(M), where

N(M) :=
M∑
m=1

n(m,M) =
Nt∑
j=1

(
1− (1− qj)M). (7)

Thus,

N(1) =
Nt∑
j=1

qj = 1,

N(2) = 2


1−

Nt∑
j=1

q2
j


 ,

N(3) = 3


1−

Nt∑
j=1

q2
j

(
1− 1

3
qj

) , . . . .

(8)

Finally,

N(M) = Nt −n(0,M), (9)

wheren(0,M) denotes the expected number of distinct genes
which escaped detection in the given library; n(0,M) is
given as

n(0,M) :=
Nt∑
j=1

(
1− qj

)M. (10)

Now, using (5), (6), (7), and (10) we can derive the recur-
sion formulas

n(0,M)
M

−n(0,M+1)
M + 1

= 1
M+1

n(1,M+1)
M + 1

+ n(0,M)
(M+1)M

,

n(1,M)
M

−n(1,M + 1)
M + 1

= 2
M
n(2,M + 1)
M + 1

,

...
n(m,M)

M
−n(m,M + 1)

M + 1
= m+ 1
M−(m−1)

n(m+1,M + 1)
M + 1

− m− 1
M − (m− 1)

n(m,M)
M

,

(11)

where m ∈ {0,1, . . . ,M}. Also, n(m,M) = 0, if m > M .
These results allow us to compute n(m,M) for any given
values of m and M .

On the other hand, taking into account the mass conser-
vation law

n(0,M)−n(0,M + 1) = N(M + 1)−N(M)

= n(1,M + 1)
M + 1

(12)

and using the initial conditions N(1) = 1, n(1,1) = 1, we
can obtain an important relationship betweenN andn(1, j),
where j = 1, . . . ,M , as follows:

N(M) =
M∑
j=1

n(1, j)
j

. (13)

Equation (13) shows that the expected number of all
genes in a library is determined by the expected numbers of
unique species (distinct genes occurred once) for the sample
sizes that ranged from 1 to M .

Using (5), (6), (7), (10), and (11), we can rewriten(m,M)
in terms of N and M as follows:

n(0,M) = Nt −N(M),
n(1,M) = M(∇N(M)),
n(2,M) = −M(M − 1)

2

(∇2N(M)
)
,

...

n(m,M) = (−1)m+1 M !
m!(M −m)!

(∇mN(M)),

(14)

where ∇ is the backward difference operator [27]. If m =
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1 then ∇N(M) = N(M) − N(M − 1), and n(1,M) =
M(∇N(M)). In general, ∇mN(M) := ∇m−1N(M) −
∇m−1N(M − 1).

If m > 1 andM is large enough, then we have the “quasi-
steady state” relationship

n(m+ 1,M) � n(m,M)m− 1
m+ 1

. (15)

Using this recursive formula with m > 1, we obtain

n(m+ 1,M) ≈ n(1,M)
(m+ 1)m

. (16)

Equations (7) and (16) can be used to estimate the prob-
ability pm that a randomly-chosen gene from {1, . . . , Nt}
has exactly m transcripts in a given library, that is, pm ≈
n(m,M)/N. Then, for large M and m > 1 we have

pm+1 ≈ p1

(m+ 1)m
. (17)

The probability function pm has a skewed form, and is
approximated by the power law form (pm ∼ m−2; Lotka-Zipf
law, http://linkage.rockefeller.edu/wli/zipf), which describes
many other large-scale, complex phenomena such as income,
word occurrence in a text, numbers of citations to journal
article, and so forth.

WhenM is large enough, we can approximate (14) with its
continuous analog and obtain the probability function pm,
in terms of M and N as follows:

pm ≈ h(m) := (−1)m+1 1
N
· M !
m!(M −m)!

dmN
dMm , (18)

wherem = 1,2, . . . . The function h(m) with the parameters
M and N taken as function of M will be called the binomial
differential (BD) probability function. Takingm = 1 in (18),
we obtain a differential equation

dN
dM

= p1
N
M

(19)

with N(1) = 1. We call the function N defined by (19) the
population “logarithmic growth” (LG) model. Note that (19)
could be rewritten in the following explicit form:

dN
dM

=
Nt∑
j=1

qj
(
1− qj

)M−1, (20)

where the right side is a sum of geometric distribution proba-
bilities of an initial success in a sequence ofM trials. However,
the values of qj and Nt are unknown. Using (19) and (20),
we can show that p1 is a monotonically decreasing function
of M . We will use the empirical approximation

p1 = 1+ (1/d)c
1+ (M/d)c , (21)

where the c and d are positive constants (see Figure 4a).
This function was selected among many possible forms for
p1(M) by fitting the LG model to data points obtained from

many yeast and human SAGE libraries and sub-libraries
(not presented). Using an explicit specification of p1 allows
us to fit the BD model to empirical histograms. The param-
eter 1/c roughly characterizes the rate of accumulation of
genes (or gene tags), and the parameter d roughly estimates
the maximum number of genes (or gene tags), Nt . With the
above empirical choice for p1, (19) has an exact solution

N(M) =
(
Mc 1+ 1/dc

1+ (M/d)c
)(1+1/dc)/c

(22)

with

lim
M→∞

N(M) = Nt =
(
1+ dc)(1+1/dc)/c. (23)

We now have an explicit, although complicated, expres-
sion for the BD probability function

h(m) = (−1)m+1 1
N

M !
m!(M −m)!

· dm

dMm

(
Mc 1+ 1/dc

1+ (M/d)c
)(1+1/dc)/c

.
(24)

Thus, unlike the fixed GDP models, the BD probability
function depends on the number of distinct genes, N, and
the library size, M ; it also yields the finite value Nt for the
total number of genes as M → ∞. Equations (19), (20), (21),
(22), (23), and (24) will be used below to exclude redundan-
cies present in yeast SAGE libraries and thereby to accurately
estimate the GELPF for a single yeast cell.

6. ANALYSIS OF EXPERIMENTAL ERRORS

To identify the correct distribution of gene-expression levels
in cell types by fitting the empirical gene-expression levels
histograms, we must first eliminate the experimental errors
in SAGE libraries so the corresponding histograms will be
unbiased. Since almost all yeast protein-coding genes and
open reading frames ORFs (an ORF is a DNA sequence which
is (potentially) translatable into protein, that is, likely to be a
gene) are known, we can obtain the “true” distinct tags and
their expression levels in a yeast SAGE library by eliminating
the erroneous tags that fail to match known genes/ORFs in the
Tag Location database for yeast transcriptome [www.sagenet.
org, http:genome-www.stanford.edu/Saccharomyces]. This
database was generated by Velculescu et al. [4] and currently
contains information about ∼ 8,500 distinct SAGE tags,
match ∼ 4,700 genes/ORFs (of ∼ 6200 known genes/ORFs
in the yeast genome), together with the chromosome coor-
dinate of each SAGE tag, the strand, and the associated gene
name(s) (where relevant) and the chromosome location of
genes/ORFs. In our analysis, the 10 bp sequences immedi-
ately downstream of the 3’ most NlaIII site found within the
gene/ORF or within 500 bp genomic adjacent genomic region
with 3’ NlaIII site have been taken as “true SAGE tags.” Thus,
the “true” tags are those tags that mostly match ORFs/genes,
but do not match any noncoding regions or opposite (non-
translated) strand.

http://linkage.rockefeller.edu/wli/zipf
file:www.sagenet.org
file:www.sagenet.org
http://genome-www.stanford.edu/Saccharomyces
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Figure 3: Decomposition of the frequency distribution of gene-expression levels for SAGE yeast cells library. (a) Log-log plot. ◦: the
numbers of 5,303 distinct tags represented by 19,527 tags in G2/M phase-arrested cells library; dashed line: best-fit GDP models
(with b = −0.195 ± 0.005, k = 0.96 ± 0.006) for +-data; •: the numbers of “true” tags of the same library after removing erro-
neous tags; dotted line: best-fit GDP model (with b = 0.207 ± 0.013; k = 0.991 ± 0.011) for •-data. (b) Frequency distribution of
“true” tags and best fit GDP model. •, dotted line: “true” tags; ◦, solid line: “outside” erroneous tags; +, discontinue line: “inside” erro-
neous tags. Fitted probability function values (counted at m = 1,2, . . .) are linked by lines for guidance of the visual presentation of the
models.

Figure 3a shows the empirical histogram of the 5,303
distinct tags represented by 19,527 tags in the yeast library
derived from G2/M phase-arrested cells, and of the 3,200
“true” distinct tags of the same library after the elimina-
tion of 2,103 distinct tags associated with 3,239 tags that
match noncoding genomic regions and antisense sequences.
Most of these erroneous tags occur with only 1 or 2 copies
(Table 2, Figure 3b). These erroneous tags comprise 16.6% of
the 19,527 tags in the library and might be considered as a
sum of sequencing erroneous (“outside”) tags which do not
match yeast genome at all, and a false-positive (“inside”) tags
matching the noncoding regions or the opposite strands. The
“inside” erroneous tags consist 9.2% of library size (Table 2).
Figure 3 and Table 2 show the GDP model at b = 0 (simple
power law) fitted well a frequency distribution of different
classes of erroneous tags, but b > 0 in the case of frequency
distribution of true tags.

Matches of many distinct tags to the same gene, and
one distinct tag to many genes, constitute serious and com-
mon problems in correctly identifying genes and properly
determining their expression levels [5, 26, 29], particularly in
larger SAGE libraries. Such matching confusions are associ-
ated with using short-length (10 nucleotide) tags and with

the existence of multiple restriction sites on the 3’ end of
sequences [5, 26, 29]. Thus, we have tags with redundancy
match the same genes/ORFs as do other tags as well as tags
that match several different genes/ORFs. These difficult prob-
lems are, obviously, more acute in the case of higher organ-
isms due to the higher complexity of their genome. Figure 4a
shows that the difference between the growth curves for“true”
distinct tags and for ORFs matched by “true” tags rapidly in-
creases for M > 10,000. This difference reflects a rapid in-
crease in the mean number of distinct “true” tags per gene
as library size increases. In particular, we observed that 20%
of ORFs (596 of 2,936 ORFs) have more than one match-
ing distinct tag in the library of size 19,527 “true” tags for
G2/M phase-arrested cells, and that 41% of ORFs (1,817 of
4,439 ORFs) have more than one matching distinct tag in
the pooled yeast library of size 49,073 “true” tags.

Importantly, tags that matched only noncoding DNA re-
gions and “redundant” tags apparently have not been cor-
rectly discarded in any recent predictions of the number of
expressed genes in cell types. Therefore, basing such estimates
on uncorrected bigger human SAGE libraries (100,000–
600,000 tags) must lead to a significant over-estimation of
the number of expressed genes in human cell types (cf. [5]).
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Table 2: Decomposition of the Pareto-like distribution of G2/M-phase arrested yeast cells SAGE library. Characteristics of distributions of
different classes of SAGE tags are as follows: the erroneous tags that fail to match the entire yeast genome sequences “outside” errors, mostly
associated with sequencing errors), the erroneous tags that fail to match known ORFs/coding regions or mapping within its 500 bp adjacent
downstream genomic regions (“inside” errors), and the “true” tags which contain a fraction of ambiguity matching tags.

Sample M N M/N p1 J k± SE b ± SE Ψ

G2/M 19527 5303 3.68 0.67 519 0.96± 0.01 −0.195± 0.006 8.8

Outside errors 1447 1234 1.17 0.91 15 2.74± 0.02 0.0 10.2

Inside errors 1792 869 2.06 0.76 182 1.59± 0.01 0.0 8.5

True Tags 16288 3200 5.09 0.55 519 0.99± 0.01 0.21± 0.01 7.3

Genes or ORFs 15000 3009 4.99 0.382 288 1.56± 0.04 2.17± 0.08 7.7
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Figure 4: Population growth curves and estimates of the GELPF for a single yeast cell. (a) Growth curves.+: the number of “true” distinct tags
of sub-libraries from the pooled yeast library of pooled“true”tags; dashed line: best-fit LG model (withd = 20,000±1,946; c = 0.356±0.02)
for +-data; ◦: the number of distinct ORFs found in these sub-libraries; best-fit LG model (with d = 6,575 ± 185, c = 0.579 ± 0.01) for
corresponding ORFs data; short-dashed line: the number of redundant “true” tags. (b) Log-log plot. Solid step line: the relative frequencies
of ORFs by the BD model for a single yeast cell estimated by SAGE data; • a histogram generated from fitted GDP model for 3,009 ORFs
in a single yeast cell, and ◦: a relative frequency of 3,009 ORFs in a single log-phase yeast cell, estimated by GeneChip data [9]. Dashed line
links the fitted GDP model values to ◦-data points for m = 1,2, . . . at k = 0.86± 0.01, b = 0.37± 0.003.

7. ESTIMATING THE NUMBER OF GENES
IN YEAST CELLS

A common difficulty encountered with SAGE (and cDNA)
methodology is that there is no easy way to determine the
numbers of different types of mRNAs expressed in a single
cell and in a population of the cells. One approach is to ex-
haustively oversample until no new transcripts are observed
[5]. However, as we showed above, this approach itself, with-
out adequate analysis and filtration of gene-expression data,
leads to dramatic accumulation of intrinsic experimental

errors and redundant tags. Using our new species richness
estimator ((19) and (21)), it is possible to obtain accurate
and robust estimates of the total number of distinct mRNA
transcripts expressed in a single cell and in cell type, including
those not observed in an available database, using relatively
small sample with only partial actual coverage.

We found that the LG model ((19) and (21)) fits both
the size-dependent data for “true tags” and for ORFs/genes
(Figure 4a). However, in the case of “true” distinct tags (+,
Figure 4a) (but where tags-to-gene and tag-to-genes multiple
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matches were not considered), the LG model predicts a very
large value, 25,103±2,000 genes (by (23) withd = 20,000±
1,946; c = 0.356 ± 0.02) in the large yeast cell population.
When we tabulated the distinct ORFs that correspond to these
“true” distinct tags at various sample sizes (◦, Figure 4a) and
fit thisM versusN data, the fitted LG model predicts 7,025±
200 genes/ORFs with c = 0.579 ± 0.010 and d = 6,580 ±
190) in a yeast cell population.

This estimate is ∼ 4–10% higher than current estimates
of the total number of distinct ORFs in the yeast genome
(6,200–6,760 genes/ORFs) [30, 31]. This difference could
be due to the small number of erroneous tags and redundant
tags which nevertheless match genes/ORFs and their adjacent
genomic regions. Our analysis does not take into account
missed ORFs within the yeast genome (in particular, shorter
ORFs), and overlapped ORFs. Additionally, about 1–3% of
transcripts would be expected to lack an NlaIII anchoring
enzyme site and would therefore be missing in the database.
Using an estimate of the number of mRNAs per yeast cell
(Mcell = 15,000 [4]), (23) predicts 3,009 ORFs per cell. This
estimate is consistent with the number of genes/ORFs for
a single yeast cell in the G2/M phase-arrested state (2,936
ORFs matched by “true” distinct tags in this library) and
with a published estimate of ORFs for a single yeast cell in
the log-phase of cell growth [4], which also was based on
tabulating the distinct ORFs found in the yeast tag location
database.

8. ESTIMATING THE GELPF FOR A SINGLE YEAST CELL

First, we used the BD-model (24) with the fitted parameters
c = 0.579 ± 0.010 and d = 6,580 ± 190 in p1(M) to com-
pute values p1, . . . , p6 for 3,009 ORFs corresponding to the
library size Mcell = 15,000. Then we fit the GDP model (2)
to these 6 points and extrapolated the fitted GDP model to
estimate values of pm form > 6. This use of the GDP model
was necessary because numerical algorithms cannot accu-
rately and reliably compute values of high-order derivatives
[32]. However, when we fit the GDP model and the BD model
to the same empirical histograms for “true” distinct tags, we
observed that the GDP model is a good approximation of the
BD model (data not shown). Moreover, both the BD model
and the GDP model are power law forms with a similar shape.
These observations justify using the GDP model to estimate
pm for largerm. To check the self-consistency of our predic-
tions, we, additionally, estimated the total number of tran-
scripts, M , from the fitted GDP model and noted that the
result was 15,000.

Figure 4b shows the predicted GELPF at all possible levels
of gene expression for a single yeast cell. The step-function
(solid line) represents the relative frequencies estimated by
the BD model (step-function, solid line) for low-abundance
genes consisting of 85% of ∼ 3,000 genes/ORFs in a yeast cell.
The GELPF was estimated with the use of the GDP model
which was fitted to the BD data points and then extrapolated
for larger abundance mRNA transcripts. The theoretical his-
togram (•) in Figure 4b was generated in 3,009 Monte Carlo
experiments by sampling from fitted GDP distribution and

than by counting the numbers of genes/ORFs found at a same
expression value.

Figure 4b shows that 38% of ∼ 3,000 expressed genes
are represented by a single mRNA copy per cell. Moreover,
Figure 4a shows that a given single cell (at M = 15,000
transcripts per cell) expresses only 45% of all protein-coding
genes; the other 55% of all protein-coding genes are expressed
at very low levels (< 1 copy per cell).

We used data obtained by GeneChip technology [9] to
construct the empirical histogram of the gene expression
levels in untreated log-phase yeast cells (Figure 4b). This
histogram was constructed as follows: for each ORF/gene,
we converted the scaled hybridization intensity signal value,
I, in the yeast GeneChip database [9], to the number of
mRNA molecules per single yeast cell by the empirical for-
mula m = (I − 20)/165. The conversion shows close agree-
ment with the estimates of transcript numbers per cell for of
16 different yeast genes [8] observed in three different yeast
GeneChip data bases [7, 8, 9]. Then summing of m-values
in the unit intervals centered at 1,2, . . . ,143 (an estimated
value of the maximum gene expression level in the log-phase
yeast cell estimated for the library) produce gene expression
levels for a single yeast cell characterized by the GeneChip.

We then obtained a gene expression levels histogram
(◦, Figure 4b). The entire expression level ranges contained
∼ 3,000 expressed genes/ORFs representing ∼ 16,000 tran-
scripts per cell. Figure 4b shows that the frequency dis-
tribution for GeneChip data also follows the GDP model
(k = 0.86 ± 0.001, b = 0.37 ± 0.003 at Ψ = 7.4). Similarly,
skewed frequency distributions were also observed in other
(untreated) yeast cell GeneChip libraries found in [7, 9].

Thus, the distribution predicted by our analysis of SAGE
data and our estimated frequency distribution based on
GeneChip data are close to each other (see Figure 4b). A larger
fraction of unique transcripts in the case of GeneChip data
(∼ 45% versus 38% in our SAGE data distribution) is ex-
pected because the microarray methods are more sensitive
in determining, at least, low-abundance genes [7, 8]. A rel-
atively small systematic differences between the tails of the
two distributions might be because the hybridization inten-
sity score does not strongly linearly correlate with the tar-
get molecule concentration for highly abundant transcripts
[7, 33]. Observed deviations between our two gene expres-
sion level distributions could also be related to differences in
experimental conditions, experimental normalization proce-
dures, and cell types. However, both experimental techniques
provide Pareto-like distributions.

9. DISCUSSION

This paper has demonstrated that the empirical histograms
of gene expression levels for yeast cells in various cell cycle
stages and for all analyzed human cell types, are well described
by a “generalized” power law, called the Binomial Differen-
tial (BD) distribution. For a given sample size, this skewed
distribution is approximated by the GDP model.

We also found that the empirical histograms of gene ex-
pression levels change in the same way for many cell types or
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cell states as the number of transcripts in a library changes
(Figure 2a, Table 1). The skewed form and quantitative sim-
ilarity of the empirical histograms of gene expression levels
for any two same-size libraries, regardless of human cell type,
suggest a common underlying GELPF, perhaps due to the ac-
tion of a common stochastic mechanism for gene expression.
This conclusion also applies to the BD model, which assumes
that almost all protein-coding genes in a cell are expressed
sporadically and independently.

Modeling SAGE experiments in yeast has allowed us to
develop a method to estimate the cumulative numbers of
expressed protein-coding genes and of erroneous and redun-
dant sequences. After eliminating the erroneous tags and re-
dundant tags, we estimated that ∼ 55% of all yeast protein-
coding genes are expressed at very-low levels (< 1 transcript
per cell) in a single cell. This 55% estimate is consistent with
data in the yeast high-density oligonucleotide array databases
(52% [7], and 56% [8]). About 70% of all protein-coding hu-
man genes are also estimated to be expressed with < 1 tran-
script per cell (V. Kuznetsov, 2001, unpublished data). Such
low copy numbers in a large cell sample may be due to the
action of a random transcription process. Such a random
processes have been observed, both spatially and temporally,
in a variety of cell systems [17, 18, 19, 20, 21, 22, 23]. In
particular, Chelly et al. [23] have detected low abundance
transcripts of various tissue-specific genes (genes for anti-
Mullerlan hormone, beta-globin, aldolase A, factor VIIc, etc.)
and in human nonspecific cells, such as fibroblasts, lym-
phoblasts, hepatoma cells. The existence of a random tran-
scription process implies that all or almost all protein-coding
genes in a genome have a small but positive probability to
be transcribed in any given cell during a fixed time-interval.
Although not all cells of a population would have a copy of a
specific transcript at a given moment, we would expect to see
all these genes expressed, at least at a low level, in a sufficiently
large cell population at any point in time. That is, ergodicity
holds.

A random transcription mechanism could provide a ba-
sic level of phenotypic diversity in a cell population and thus
could facilitate adaptation. This also assumes a “basal” tran-
scription level of almost all genes (including their exons) in
a large same-type cell population in global transcriptional
response of cells due to internal random perturbations. In
normal yeast libraries [9], we observed that only ∼ 250 ORFs
of ∼ 6200 yeast ORFs/genes are not detected. About 100 of
these 250 ORFs are classified as questionable ORFs and, ad-
ditionally, more than 50 other of 250 ORFs are classified as
hypothetical protein ORF. Treatment with 6 different damag-
ing factors [9] shows that only ∼ 100 yeast ORFs was still
not observed using GeneChip technology. However, most
genes/ORFs are still represented by a very small number of
transcripts.

10. CONCLUSION

We have developed a novel approach for global characteriza-
tion of large-scale gene-expression data sets. This approach
is based on statistical modeling and parametric identification

of size-frequency distributions of the gene expression levels
data. This approach allowed us to estimate the number of
genes/ORFs at very low expression levels in a single yeast cell
as well as to estimate the total number of genes/ORFs in a
population of these cells. Similar method might be devel-
oped for counting the number of expressed genes in other
eukaryotic cell types.

We have found that transcript populations appear to fol-
low a discrete Pareto-like skewed distribution in a number of
different human tissues and in yeast cells, suggesting that this
distribution can represent a universal statistical characteris-
tic of many eukaryotic cells. It provides new insight into the
statistical mechanics of gene expression levels in cells.

Identification of the GELPFs may be important in cur-
rent attempts to characterize “complete” profiles of gene ex-
pression in normal and diseased human cells. We have also
analyzed differences of the gene expression level distributions
in different cell types and cell states of higher eukaryotic or-
ganisms that will be covered in future reports.

It seems, the binomial differential distribution could be
applicable for analysis of many other complex large-scale
systems (e.g., in business, linguistic, informatics, internet,
physics) having a strong stochastic component.
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